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Abstract. Ageometricbackgroundis givenforrepresentationwith ahighestweight
ofthe Wasoroalgebra. Therepresentationspaceconsistsofholomorphicsectionsof
an analyticline bundleoverthemanifold M = Duff + S1/ RotS~or overits factor
manifold M

1 = Diff~S’/PSL(2,R).
A classofpolynomiaisectionsofsuchabundleisintroducedandexplicitformulae

oftheactionarewritten. Weinvestigatealso anequlvariantembeddingof M1 in the

infinite dimensionalanalogofthecomplexsymmetricdomainoftypeHI.

INTRODUCTION

The aim of this paperis to give a geometricbackgroundfor representationswith a

highestweightof theVirasoroalgebraandtheVirasom-Bott group.

The representationspaceconsistsof holomorphicsectionsof ananalyticline bundle
withaconnectionoverthemanifold M = Duff + S’ /Rot S

1 oroveritsfactormanifold

M
1 =Diff~S

1/PSL(2,IR).

A classof polynomialsectionsof sucha bundle is introducedin whichtheVirasoro

algebraactsand which containsthe coefficientsof anequivariantimbeddingof M or

M
1 in the infinite dimensionalanalogof acomplexsymmetrichomogeneousdomainof

typeIII.
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I. THE GEOMETRY OF M = Diff + S1/RotS1

Let Duff + ~1 denotethe groupof diffeomorphismsof theunit circle S1 preserving
an orientation. We shallparametrize S1 by complexnumbersz with zI = 1. An

element( E Duff + S’ hasthe form ((e’°) = e~°~°~where~, is asmoothrealfunction
satisfyingthecondition ~(9 + 2ir) = ~(9) + 2ir, ~‘( 9) > 0. The Lie algebraof this
groupis identifiedwith the algebraVectS’ or smoothvectorfields on thecircle. The

complexspanof Vect S’ will be denotedby ~EVect 51• It has naturalbasis ~ =

ietktd/dt, k E Z.
It iswell knowsince[1]that thisLie algebrahasessentiallyuniquenon-trivialcentral

extensiondefinedby the 2-cocycle

I r21r
c(V

1,V2)= —J V1’(t)dV~(t)
2ir ~

Thisextensionappearedindependentlyin [2] and is knownas theVirasoro algebra.
Morepresiselywedenoteby Cvir thecomplexlinearspanof ~ andthecentralelement
Z withcommutationrelations

[eke1] = (k — Oek+1+
8k,~1k3—_kz

Weintroducetheantilinearinvolution inCvir putting e~= ek, Z~= Z, anddenote
by vir thesetof antihermitianelementsin Cvir. Thenvir will beacentralextensionof the

Lie algebraVect~ 5’ = R [cost, sint I ~ consistingof realpolynomialvectorfields
on S’. The correspondinginfinite dimensionalLie group Vir is a centralextensionof

thegroup Diff~5’ and is definedby thecocyclefoundby Bott [3]:

i r~
c((1,(2) = — / log((~o(

2)d log(~
2ir j~

Weshallcall it theVirasoro-Bottgroup.

By theflag manifold for the Virasoro-Bottgroup wemeanthehomogeneousspace
M = Duff + S

1/Rot~1 whereRot ~1 is theone-dimensionalgroupof rigid rotations

of S1

This manifold arisesin many ways as an orbit in thecoadjointrepresentationof

groupsDiff~~1 andVir ([4], [5]). It follows that M admits a two-parameterfam-

ily of sympleticstructureswhC; h, c E R.

Now let S betheset of univalentholomorphicfunctions in the unit disc ([6]). It is
aninfinite dimensionalcomplexmanifoldwith naturalcoordinatesdefinedby f( z) =

z( 1 + ~ CkZ) In [7], [8] it isshownthat onecandefineatransitiveactionof thegroup

Duff + 5’ via holomorphismsof suchthatthestabilizerof thepoint f
0 (z) = z be the
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subgroupRot 51 Hence, S canbeidentifiedwith Al anddefinesthecomplexstruc-
tureon Al. Togetherwith thesympleticstructureWhc thiscomplexstructuregenerates

thepseudokählerianmetric Whc. In the initial point fo this metrichastheform

00
C -

= >)2 hk+ ~~-(k — k)]d ckdCk

Notethat weusehereadifferentparametrisationcomparedwith [9], [10] (Wherewe

usedparametersa= 2 h — ~-, =

2. ANALYTIC LINE BUNDLES OVER Al

HereweconstructforeachDiff~S1 -invariantpseudokahlerianmetric w~=

c
1, . . .) d ckd ~, one-dimensionalcomplexvector-bundleEhc over Al with the

following properties:
1. EhC is an analyticline bundleovercomplexmanifold Al.
2. TheLie algebraCVet S’ or itscentralextensionCviractson E~cby holomorphic

fibrewise linearvectorfields.
3. Thereareinvarianthermitianmetric g andhermitianconnectionV on Eh,~.

4. Thecurvatureform of theconnectionV is equalto 2 in ~jw~dckd ~.

All this is usuallycalledprequantizationdataon thepseudokählerianmanifold (Al,

whC) (Seee.q. [11]).
Actually our line bundles EhC will be analiticallytrivial, so we identify the total

spaceof Eh,C with Al x (C andparametrizeit by pairs (f, A), wheref isanunivalent
functionand A is acomplexnumber.

In [101theexplicit formulaewere found forLie fields definingthe actionof CVect

on M. Namely,to the vectorfield v(e$t)d/dt on S’ it correspondstheLie field

2 1 Iwf’(w)]
2 v(w) dw(1) [L~f](z) = —f (z) q I —

j [ f(w) j f(w)—f(z) w

REMARK. Thevariationalformulaein thetheoryof univalentfunctionsobtainedby M.

SchifferandG.M.Golusin(seee.g. [6]) lookverymuchlike (I): in fact,theycorrespond
to generalizedvectorfields on V~with finite support.

(2) C~(f,A) =

where P(f, v) dependslinearlyon v andanalyticallyon f.
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The conditionthat (2) gives an actionof CVect S1 or Cvir on M x Ct looks as

follows:

(3) &,~P(f, v) — c5~P(f,u) is a 2 — cocycleon (C Vect 5’

The simplestexpressionfor P ( f, v) satisfying(3) wasobtainedin [10]:

r ~ 2
I wf(w)i dw

P
0(f,v) = I I v(w) —J[f(w)j w

It definesan actionof CVect S
1 on M x CE.

Yu. A. Neretindiscoveredthetwo-parameterfamily of functions ~h~( f, v) satis-
fying (3):

(4) P~C(f,v)= hf [wf(w)]2 v(w) ~-~+ ~ w2S(f,w) ~

where S(f, w) = {f: w} = — ~ 2 isthe Schwartzian(Schwartzderiva-

tive) of f withrespectto W. For c ~ 0 the function ‘~h~(f, v) definesan actionof
Cvir on M x CE suchthat the centralelementZ actson eachfiberasa multiplication

by ic. For c = 0 ‘F coincideswith h’!’
0.

Let us call a real-valuedfunction ~h,c( f) on Al an action functioncorresponding

to ‘I’,~,~(f,v) if thefollowing conditionholds:

= Re ‘!‘h~~(f, v)

for all v E Vect gl

The action function correspondingto ‘P0 was constructedin [10]. At the point

f E M this function is equalto the logarithmof the conformalcapacityof the do-
main (C\f(1~~)with respectto infinity. Unifortunatelythereare no explicit ways to
expressthis quantityby meansof coordinateson Al.

The actionfunction ~
1~hc(f) for c ~ 0 will beconstructedbelow.

Knowing the action functionwe canproducean invariantwith respectto Cvir her-

mitianmetricin the fibre of the trivial line bundle Al x CE overthepoint f E M

g
1(dA,dA) = e~dAdA

Moreoverwecandefinean invarianthermitianconnectionon theline bundle M x CE
regarding M as reductivespace(see[9], [10]) and usingthe formulaeof Wang(See
[12]).
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Thecurvaturefrom L~hcof theconnectionVhC canbeexplicitlyexpressedin terms

of Lie fields andweobtain

PROPOSITIONl. ~h,c = 2 IIiWhC

This completestheconstructionof theso calledprequantizationbundle Eh~over
M. Notealsothattheactionfunctions bhC( f) in theKähleriangeometryplay therole
of potentialsto theKähleriangeometryplay therole of potentialsto theKählermetrics

Wh,c.

3. MODULES W,1~

Ouraimhereisthedescriptionof Cvir —modulesarisingin thespacesof holomorphic
sectionsof theLie bundles E~~(M).

Recall that a point of Al is anunivalent function f( z) = z( 1 + ~ CkZ’~). The
k

set of complexnumbers {Ck} definesan affine coordinatesystemon Al centeredin
f0(z)Ez.

Let usdenoteby 2 thesetof all polynomialsof c1,c2... whichhavetheform

P(c1,... ,CN) = ~ A~ nd ...c~
n=O

An1nECE, N=0,l,2...

Suchapolynomialcanbe viewedas ananalytic functionalon Al. Theset 2 is the
minimal algebra(with respectto the usualmultiplication) containingcoordinatefunc-

tionsandconstants.On theotherhand,this setmustbedensein thespaceof all analytic
functionalson M in anyreasonabletopology. Sowe restrictourconsiderationshere to

this classbut note that someinterestingand importantfunctionals,e.g. theevaluation
functionals f .. f( k) ~z) for z ~ 0 do not belongto 2 isjust theset of sections

0(M) of the structuresheaf
0M for thecomplexquasiaffinemanifold Al.

We introducea gradingin 0M by

degc~t...c~~=>ka(k)

Note therethat the algebra 0(M) dependson the coordinatesystemchosenand
is not conservedby the holomorphicautomorphismsof Al. In particular,the groups

Duff 5~orVir do notacton
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However,wecaneasilyseethat thecorrespondinginfinitesimalactioncanbedefined.

Indeed,theformula(1) for thebasicelementse~E (C Vect~°1S1 becomes

(5) (Le f)(z) = —if2(z) f [wf~(w)]2 w~1dw
f(w) f(w) — f(z)

Denoting £~ symply L~and computingthe integral we finally get thefollowing ex-
plicit formulaein termsof coordinates{Ck } andcorrespondingderivativest9k =

on M ([10])

LP=aP+~(k+1)Ckak+P, ~>0
k> I

= ~(k+ l)ckt9k
k>1

(6) —

= ~[(k + 2)dk+1 — 2dlck]8k
k> I

L
2 = ~[(k +

3)dk+2 + (c~— 4d2)Ck —

k> 1

where bk is theLaurentcoefficientof which canbeexpressedasdeterminantof the
matrix A~k) order k + 2 with elements

a~= —c
1~,.~(c0= 1, Ck = 0, k <0)

Theseformulaeone canview asa definition of theaction of CVectt’0
1S1 in the al-

gebra0( M). Thisactiondoesnotextendon thewholeLie algebraCVect~l Notein
this connectionthat in fact in the physical literatureonly theLie algebrasCVectl’01S1
andCvir areusedevenif the termsvectorfields or diffeomorphismsareinvolved.

Further,theLie algebra CVectP0LSI is naturallygraded: dege~= p. It is easyto
seefrom (6) that the actionagreeswith thisgrading.

WeproceednowtotheanalyticbundlesE
5C(M). As the formalanalogof thespace

r’0( M, E~~)of holomorphicsectionsof afree 0(M)-module ~ arises.Thetrivi-
alisationof ~ in the algebraiclanguagemeansthe identification WhC with 0(M)

by thechoice of a freegenerator. We shall use trivialisation obtainedin the previous
section.

Recall that theLie field correspondingto (v, r) ~ CE vir at the point (f, A) E

E~~(M) is givenby theequalities
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I ~ — —~‘
2(z)~ 1u~f’(w)12 v(w) ~v,.rJJ~~Z/— J L f(w) ] f(w) —f(z) w

(7) ~,.A= {hf [~~]v(w) +

+ ~-JwS(f,w)dw+ icr}A

Repetingthesameprocedureasfor 0(M) wegettheexplicit formulaefortheaction

of Cviron Wh,C:

L~=a~+~(k+l)dkak+~, p>O

k>1

= >.kdkak+ h
k>1

~‘-i =>[(k+2)ck+l—2cldIc]ök+2hC
1(8)

112 = >2[(k +
3)Ck+2 + (c~— 4 C~)C~— bk]t3k+

k>I

+ h(4c
2—c~)+~(C2—d~)

= C.

PROPOSITION2. Wh,C isgradedCvir-moduievia theactiongiven by(8).

Theimportantrole in thestudyof infinitedimensionalLie algebrasandtheirmodules

is playedby the so calledsingularvectors, i.e. invariantvectorswith respectto some

subalgebras.
We are interestedhere in the singularvectorswith respectto subalgebra£÷= Lin

{L~,~ ~ 1 }. Thepolynom P( c1 . . .;) is asingularvectorfor ~ if foreachinteger
p> 0 theequality holds

[a~+~(k+ 1)ckak+P] P(c1 ...c~)= 0
k> I
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PROPOSITION3. Theonlysingularvectorin W
5~for £~is a constanl Wehave

.1 = h. 1,2.1 = cl.

ThesubmoduleL h,c C Wh~generatedbyus irreducibleandhasthehighestweight

(h, C).

Proof ConsidertheuniversalenvelopingalgebraU of theLie algebraCvir. It is clear

that = U~1. Denoteby ~ thedual graded0( M) -module to W~.By defini-

tion Wh*c is the linearspanof (w~) whereW~isthehomogeneouscomponent

of Wh,C of degreen.

ThelinearspaceW~canbeidentifiedwith 0(M) by thepairing

(P,Q)= P(~1.. .8~)Q(C~.

TheLie algebraCvir actson Wh~

= —C~— ~(k+ l)Ck+Pak, p>O
k> 1

=

k> I

= —~(k+

2)Ck9k+1 + 2 ~Cka18k —2h8

1

(9) k>1 k�1

11_2 = E[(k÷
3)Ckak+

2 + (C~—

4C

2)Ck —

k> 1

+ h(t9~—4&2)+ ~-(8~ —a2),

2* = _C.

The singularvectorsin W1~for the subalgebra£ = Lin(L,~p < 0) are deter-

minedby theequations

L~1v= L*2v = 0.

In particulartheconstantI is a singularvectorof theweight (— h, —C).

PRoPosmoN4. WL is a free U(L_) -module. Thesubstitution 11,, —~ —Lu,Z —,

—z turn it into the Verniamodule V ([13D. Themodule Wh~is irreducibleif VhC

is irreducible([14]). Let I , v1,... bethe totalsetofsingular vectorsin VhC. Then the

irreduciblesubmoduleL,~coincideswith Ann ~ U( 1, v1...).
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4. THE IMBEDDING OF THE MANIFOLD M IN THE INFINITE DIMEN-
SIONAL SYMMETRIC DOMAIN OF TYPE LII

The studyof finite dimensionalKählermanifold is reducedto a greatextentto the

studyof the rathernarrow classof objects- complexprojectivespaces.The univer-
sal characterof thesespacesis causedby thethreestatements:theKodaira theorem

about imbeddingof anycompactmanifold into a projectivespace,the Calabi theorem
about isometric imbeddingof Kähler manifolds into (possibility infinite dimensional
or with non-definitemetric) projectivespaces,and the Borel-Weil-Botttheoremabout
G-equivariantimbeddingof a G-homogeneouscompactKählermanifoldontoprojec-

tive spaceoverthehightestweightmodulefor a compactLie group C.
Unfortunatelythe first two theoremsdo notgive theexplicit constructionof imbed-

dingandthelasttheoremsupposesthedetailedinformationaboutthestructureofhighest

weightmodules.
Neverthelessfor a certainclass of Kàliler manifolds thereare known the explicit

waysof imbeddingin projectivespaces.In particularthis classcontainsgrassamanians

for classicalLie groupsandtheirnon-compactforms— theclassicalsymmetricdomains.
If an imbeddingof a Kählermanifold in sucha manifold is known we canimbed

it in the projectivespace.This considerationremainstrue in the infinite dimensional

situation.

Ourmanifold M canbeimbeddedin manywaysin the infinitedimensionalanalogs
of classicaldomains(see [15]). We considerthe imbeddingin the infinite dimensional
analogof the symmetricdomainof type III in the terminologyof E. Cartan.

Let H denotethe spaceof smoothreal 1-forms u(e~°)dêon theunit circle with

zero integral over the circle. Let H (1 denotethe complexificationof H and H~

bethe transversalsubplaceof H~Econsistingof forms u(e18)d8 admitting an ana-
lytic continuationin D~(i.e. insideor outsidethecircle). Wecanidentify H~with

0(S1)/Const. via f —+ d f. Then H~ correspondsto 0(V~)/ Const.
Thegeneralelementof thegroup CL(HIr) hasthe form

( A B\ A:H~—*H.~, B:H~-~H~
(10) g= ~ ~ D)where C:H~ ~ D:H~ ~Hc.

ThesubgroupCL(H) is distinguishedby theconditionsD = A, C = B.

OnthespaceH~ we definethesympleticandthepseudohermitianstructuresposing

(f~g)= ffdg
(11)

(fig) = ffdgi f,g E 0(31)

Denoteby Sp(H~r)and U( H~, H~) the groupspreservingthesestructuresand by

Sp( H, JR) theircommonpartwhichis alsothe intersectionof Sp(H ~)with GL(H).
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The elementsof Sp(H ~) arecharacterisedbetheconditions

A’C= C’A,B’D= D’B,A’D-C’B= 1

andtheelementsof Sp(HR) by theconditions

A*A - C*C = l,C’A = A’C,B = C,D = A.

Let Gr( H ~) bethesetof all complexLagrangeansubspacesin H ~. It isaninfinite

dimensionalmanifold with Sp(H ~) as agroup of motions.The stabiliserof thepoint

H~E Gr(H~) is thesubgroupF of matricesof the form (10)with B = 0.
Let usconsiderthe actionof Sp(HIR) on Gr( H (t)• Theorbitpassingthroughthe

point H~’ is manifold R. isomorphicashomogeneousspaceto Sp(H ~)/U whereU

consistsof matrices ( ~ , A E U(H.~).

The manifold ~R.is openin Cr( Hh1) and is an infinite dimensionalanalogof a

classicaldomainof type III. ([17]), whichplays asignificantrole in thegeometricquan-
tization ([11]). It canbeimbeddedin hom (H~, H.~)asthesetof symmetricmatrices

Z satisfyingthe condition 1 — Z~> 0. The actionof Sp(H,R) on Z E R. is
writtenby

g Z = (AZ + B)(CZ + D)’

The skeleton(Shilovboundary)of R. consistsof unitary symmetricmatricesZ.

Themanifold R. is an infinite dimensionalKähler manifold in the following sence.

Let R.,,~= R.flflS(H.~,H.~)where US meansHilbert-Schmidtoperators.Then ~
is a densesetin 7~.and homogeneousmanifold with respectto theso calledrestricted

sympleticgroup Sp(H,R) consistingof matricesof the ferm (10) with B and C
being Hilbert-Schmidtand A, D-Fredholm operators([18]). On the tangentspaceto

R0 atthepoint Z = 0 we definea Kählermetric h(61Z,~2Z)= tr(~1Z,~2Z)Its

potentialis equalto log det (I — ZZ).

To each Z E 7Z0 we canassociatea function f(z, w) of Hardyclass H
2(V.. x

V.,.)

(12) U(z,w) = ~ Zk
9z’~w

t
k 1>1

and a FredhoimoperatorT = I — K where K is an integraloperatoron theHardy
space H2(V~)with thekernelfunction K(z, ti,) definedby

K(z,~) = f U(z,Od~U(~,w)
It 1= 1



REPRESENTATIONSOF THE VIRASORO ALGEBRA 361

Denoteby ~ ( U) the quantityLog det T. By theFredholmperturbationformula

([19]) wehave

(13) c1(U) = log [1 + ~(
1)k f f~et JdzK(z~J)lI~J<k]

k�I Iz~I=I

Wedescribenow theimbeddingof themanifold M in the domain R.0. Thenatu-
ral representationof Diff÷S

1 in thespaceH~definesa monomorphisDiff~S’

5Po(H, R) (see [15]). Hence,thegroup Duff + ~1 actson R.~.The stabilizerof the
point 0 E R.

0 in Diff~S’ coincideswith the subgroupH1 = PSL(2,R) ([10]).
Thusweobtain amappingof Al into 7?.~whichfactorsthroughthenaturalprojection

1Ii : M —+ M1 where Al1 = Diff + S7H1 is a factormanifoldof Al with respectto
the first Ovsienko’sfoliaction ([9], [10]).

Moreprecisely,to theunivalentfunction f( z) representingapoint of M we asso-

ciatea subspaceV1 = {zf’(z)f’~(z)d 91k � 0} U H~c Gr(H~). (We usehere
therelation‘y= f

1og from [8] andthefactthatH” isgeneratedbyg~dg,k � 2).

Thefollowing two lemmascanbeprovedby directcomputations:

LEMMA 1. Thematrix Z
1 correspondingto thesubspaccV1 E Cr( H”) belongsto

theHilbert-Schmidtclassand haselements

(Zj)mn = ~det [~] [~... dz •

COROLLARY. Thematrix coefficientsof Z1 belongto thering 0( Al).

LEMMA 2. Theoperator Z1 mapsZ
m E 0(V_) into ~m( 1/f) — Zm E 0C1)÷)

where ‘1~m denotesthem-thFaberpolynomfor thefunction f~(z’).

ThedetailsaboutFaberpolynomsonecanseein [21]. Thematrix Z
1 hadappeared

first in thepaperby Grunsky[22] in 1939.

Recentlythe mapping f —* V1 was rediscoveredin the soliton theoryand wasex-
tendedto arbitraryRiemannsurfacesby Krichever[23]. It isknownnowas<< Krichever’s
construction>>[18]. The condition 1 — Z1Z1 >0 characterizestheclass S of univa-
lent functions. It reducesto thecountablefamily of scalarinequalitieswhich are called
Grunskyconditionsforunivalence.
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Thefunction U1 of theHardyclassH
2(D~xV..) associatedto thematrix Z

1 via
[10] hastheform

U1(z,w) = log l/f(z) — l/f(w)l/z — l/w

(cf. also[6], [24]).
It is interestingto remark that theorthogonalityconditionsfor Faberpolynomsob-

tainedby I. M. Milin [25] usingthe areamethodimply that Z1 belongsto the skele-
tonof theboundaryof 1~ if f E S~i.e. mes (CE\((V~))= 0. Theset S

4 is
not Diff + S1-transitive. It containsas apropersubsetthesceletonof the boundaryof

Al which is isomorphicto Diff~S1/K where K is the centralizerof the involution
6 : z — 2 of thecircle. (See[26], [27]).

Finally we have

PROPOSITION5. TheKäh!ermetricon Al inducedfrom theabovemapping M —*

coincideswith w
01. Its potential has the form (13)where

(14) K(z,th) = log l/f(z) II i/f(t) d~logl/f(t) 1/f(w)
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